
Challenge 3 (pt. 1) 
 

Say you’re an investor interested in two different assets, 𝑎" 
and 𝑎#. Each asset belongs to a different class of investment (e.g. 
one might be real estate and two an agricultural commodity). 
There’s a complete and highly liquid market for each asset. Suppose 
you already own 𝑎", which you bought long ago (cost is now sunk). 
Denote the market price of 𝑎$ as 𝑝$, 𝑖 = 1,2. You have no outside 
income or wealth, so that you can only finance a transaction of 𝑎# 
using revenue from selling 𝑎". Normalize each asset’s maximum 
quantity to one and, while 𝑎" is indivisible, 𝑎# is continuously 
distributed on [0,1]. 

 
Write the profit expression for the following investment 

strategy: Sell 𝒂𝟏, buy 𝒂𝟐 and sell 𝒂𝟐 once-and-for-all. Derive an 
expression for 𝒑𝟏 that makes the strategy feasible and show that 
it also guarantees strictly positive profits. What do we know about 
𝒑𝟏 relatively to the purchase price of 𝒂𝟐? 

 
Answer: Note that the strategy is only implementable if the returns 
from selling asset 𝑎" at least cover the cost of buying 𝑎#. That’s 
because we assumed no outside money, which implies that the 
strategy has to finance itself. It’s easy to write down the 
feasibility condition: 𝑝"𝑎" ≥ 𝑝#0𝑎#, where 𝑎" = 1 by assumption. Thus, 
the price of asset 1 has to be at least equal to the expenditure 
on asset 2. Now, let’s move on to the profit function. Given that 
we can implement the strategy, the profit function is: 
 

𝜋 = 𝑝" + 𝑎#𝑝#3 − 𝑎#𝑝#0 
 
where 𝑝#3 is the sale price of asset 2 and 𝑝#0 its purchase (“buy”) 
price. Further, note that 𝑎" + 𝑎#𝑝#3 gives you the revenue component 
accruing from the investment strategy while 𝑎#𝑝#0 represents the 
overall cost. Recall we assumed that the individual already owns 
𝑎" at sunk cost: in other words, asset 1 is “free”.  
 We need to show what needs to be the case to ensure positive 
profits, i.e. 	𝜋 > 0. From the profit expression, 𝑝" + 𝑎#𝑝#3 > 𝑎#𝑝#0. 
That is, the revenue made by selling 𝑎" and 𝑎# must be greater than 
the expenditure on 𝑎#.  

We’re almost there. We know that this profit function only 
exists if we’re able to buy asset 2, which is achievable if and 
only if 𝑝" ≥ 𝑝#0𝑎#, as we just showed. So, 𝑝" is always at least equal 
to 𝑝#0𝑎#. If we add something positive to it, it has to be greater. 
Formally, 

 



 
         

𝑝" + 𝑎#𝑝#3 > 𝑝" ≥ 𝑝#0𝑎# ⟹ 𝑝" + 𝑎#𝑝#3 > 𝑎#𝑝#0. 
 
What does that mean? Well, it’s actually pretty strong. Given 

that we can implement this investment strategy, our profit is 
always positive. Now, let’s finish with the relationship between 
𝑝" and 𝑝#0. We showed that 𝑝" ≥ 𝑝#0𝑎#. Rewriting it: 
 

𝑝"
𝑝#0

≥ 𝑎# 

   
But, we assumed to start with that 𝑎# ∈ [0,1], that is, that we 

can buy/sell a fraction of asset 2 (like 𝑎# is in lbs). Let’s 
suppose we buy the entire asset 2, 𝑎# = 1. Thus, 𝑝" ≥ 𝑝#0. If asset 
2’s quantity is very tiny, say 𝑎# = 0.00000001, 𝑝" ≥ 𝑝#0𝑎# ≈ 0. That is, 
𝑝" has to be greater or equal than 𝑝#0.   
 

Now, let’s make this strategy more realistic. Say you can 
hold these assets until some terminal time 𝑇 (maybe one year from 
today). In practice, you could passively remain long on 𝑎" and sell 
it on 𝑡 = 𝑇 for 𝑝"@AB. Instead, you could sell 𝑎" at some point 𝑡 for 
𝑝"@, and use the revenue to invest in 𝑎#, which then you would sell 
at 𝑇. There’s an option value in waiting to sell 𝑎": if you expect 
its price to increase, why would you sell it today? However, since 
the price of 𝑎# also fluctuates, if the asset is expected to become 
more expensive relatively to 𝑎", you might prefer to sell 𝑎" right 
away. Assume the price of 𝑎" is negatively correlated with the 
value of 𝑎#. Assume further that 𝐸[𝑝"@] > 𝑝"@D", for all 𝑡.  

 
Compare the profit from the following strategies: hold 𝒂𝟏 and 

sell it on 𝑻 versus sell 𝒂𝟏 on 𝒕∗ < 𝑻, buy 𝒂𝟐 on 𝒕∗ and sell it on 
𝑻. Under our assumptions, would you always prefer one strategy? 
 
Answer: This is pretty straightforward. We already know how to set 
up profit functions for our general strategy. The profits from the 
first strategy, denoted by 𝜋", are given by 𝜋" = 𝑝"B: the revenue 
from selling asset 1 on 𝑇 at price 𝑝"B. Profit from strategy 2 is 
a little bit trickier. We first sell 𝑎" on 𝑡∗ for 𝑝"@

∗
. Then, we buy 

asset 2 also on 𝑡∗, and hold it until 𝑇 when we close our investment 
strategy. Putting these together yields:  
 

𝜋# = 𝑝"@
∗ + 𝑝#B𝑎# − 𝑝#@

∗𝑎#. 
 



 When 𝜋# < 𝜋"? Well, 𝑝"@
∗ + 𝑝#B𝑎# − 𝑝#@

∗𝑎# < 𝑝"B is what we’re looking 
for. Asset’s 1 price is going up, while asset’s 2 value is going 
down over time. This implies that 𝑝"B > 𝑝"@

∗
 and 𝑝#B < 𝑝#@

∗
. So,  
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which implies that the left-hand side is always negative and the 
right-hand side positive. Thus, the profit from strategy 1 is 
always greater than from strategy 2. Why is that intuitive?  
 Note that in the first case, you’re long on an asset whose 
value is increasing over time. Your cost of carry is zero, so given 
that the value of 𝑎" only goes up, it’s in your interest to wait 
as long as possible to sell it. On the other hand, in strategy 2, 
you’re using 𝑎" to finance a long position on an asset whose value 
is decreasing over time. In other words, you’re making a bad 
investment, since the resale value on 𝑇 is going to be smaller 
than the purchase price on 𝑡∗. 


